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Abstract. In the framework of causal perturbation theory we analyze the 
gauge structure of a massless self-interacting quantum tensor field. We look at 
this theory from a pure field theoretical point of view without assuming any 

■ geometrical aspect from general relativity. To first order in the perturbation 
Q ' expansion of the 5-matrix we derive necessary and sufficient conditions for such 

►7- ' a theory to be gauge invariant, by which we mean that the gauge variation of 

the self-coupling with respect to the gauge charge operator Q is a divergence 
1 in the sense of vector analysis. The most general trilinear self-coupling of the 

graviton field turns out to be the one derived from the Einstein-Hilbert action 
plus divergences and coboundaries. 

> 
in 
in 

O ■ 1- Introduction 

m 

■ The general theory of relativity can be viewed as a theory for a self-interacting 
Q\ \ massless spin-2 field. This theory of gravity is derived from the Einstein-Hilbert 
0^ ■ (E-H) Lagrangian 



l eh = — ~V=gR (1.1) 



- 1—1 

x 



(]} \ where R = g^ R^ v is the Ricci scalar and k 2 — 32wG (G is Newton's gravitational 

' constant). It is convenient to work with Goldberg variables |hJ 



(1.2) 

which one expands in an asymptotically flat geometry 

= rf v + kM*" (1.3) 

Here rf" is the metric of Minkowski spacetime. Then (1.1) becomes an infinite 
power series in k: 

00 

L EH = J2* j Li H (1.4) 
3=0 

The lowest order term L° EH is quadratic in Wfa) and defines the free asymptotic 
fields. In the Hilbert-gauge h^" = 0, the graviton field hf 1 " obeys the wave equation 

nh^(x) = (1.5) 

The first order term L EH gives the trilinear coupling 

4 = \ h pa {hfhf - \ h p h v + 2 h%h% + hX - 2 h%h%) (1.6) 



There exists many alternative derivations of this result fll.q ), starting from 
massless tensor fields and requiring consistency with gauge invariance in some 
sense §, H H 0- In classical theory the work closest to our non-geometrical 
point of view is the one of Ogievetsky and Polubarinov |l8) . These authors analyze 
spin-2 theories by working with a generalized Hilbert-gauge condition to exclude 
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the spin one part from the outset. They impose an invariance under infinitesimal 
gauge transformations of the form 

Shf™ = d*u v + d v u" + if u d a u a (1.7) 

and get Einstein's theory at the end. Instead Wyss |23[ and Deser H consider 



the coupling to matter. Then the self-coupling of the tensor-field (1.6) is necessary 
for consistency. Wald (22) derives a divergence identity which is equivalent to an 
infinitesimal gauge invariance of the theory. Einstein's theory is the only non- 
trivial solution of this identity. In quantum theory the problem was studied by 
Boulware and Deser These authors implement gauge invariance by requireing 
Ward identities associated with the graviton propagator. All authors get Einstein's 
theory as the unique classical limit if the theory is purely spin two without a spin 
one admixture. 

In this paper we shall study the problem by means of perturbative quantum 
gauge invariance. This method which was worked out for spin-1 non-abelian gauge 
theories (massless jlj and massive |7j) in last years proceeds as follows: First one 
defines infinitesimal gauge variations on free fields. In the case of tensor fields it 



looks like (1.7) where ^(x), instead of being an arbitrary function, is now a Fermi 
field which satisfies the wave equation, u^i^x) may be regarded as a free Fadeev- 
Popov ghost field. Then we write down the most general trilinear coupling T\ 
between the graviton and ghost fields which is compatible with Lorentz covariance, 
power counting and certain basic properties (like zero ghost number). Next we 
impose first order gauge invariance which strongly restricts the form of T\ . Among 
the possible solutions we recover Einstein's theory L 1 EH . The general solution can be 
written as a linear combination of L 1 EH and divergences as well as coboundaries. In 
the perturbative construction of the iS-matrix we next have to calculate the time- 
ordered product T{Ti(a:)Ti(y)} = T 2 (x,y) by means of causality |, |g|. Then 
Schorn [ po| has shown that second order gauge invariance gives further restrictions, 
in particular, in the case of gravity it requires quartic normalisation terms of the 
form L EH in the above expansion (1.4). In this way the so-called proliferation of 



couplings can be overcome by perturbative gauge invariance. 

The paper is organized as follows. In the next section we introduce perturbative 
gauge invariance. In section three we set up the general theory of a symmetrical 
tensor field by writing down all possible trilinear self-couplings and the most general 
ghost-coupling. In the following sections the consequences of first order gauge in- 
variance are analysed. We obtain 15 important conditions for spin-2 gauge theories. 
These conditions are necessary and sufficient for first order gauge invariance. 



2. Perturbative gauge invariance 

Our fundamental free asymptotic fields are a symmetric tensor field of rank two 
h^ u {x) and ghost and anti-ghost fields u^{x) and u v {x). We consider these fields 
in the background of Minkowski spacetime. A symmetrical tensor field has ten 
degrees of freedom, which are more than the five independent components of a 
spin-2 field. The additional degrees of freedom can be eliminated by imposing two 
further conditions Q, namely 

h? v (x), v = and h? M (x) = (2.1) 

They are disregarded in the construction of the gauge theory and must be considered 
later in the characterization of physical states Jll| . 

Our tensor field h^ v (x) will be quantised as a massless field as follows 

[h^{x), h^(y)] = -ib a ^D (x - y) (2.2) 
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where Do (x — y) is the massless Pauli- Jordan distribution and the tensor b a ^^ 1 ' is 
constructed from the Minkowski metric rf" v in the following way 

b af3^ = 1 tyovjfv + jf»rfv- - r) a Prf v ) (2.3) 
In analogy to spin-1 theories one introduces a gauge charge operator by 

h al3 (x),f3d Q u a d 3 x (2.4) 



For the construction of the physical subspace and in order to prove the unitarity 
of the S-matrix we want to have a nilpotent operator Q. Therefore we have to 
quantise the ghost fields with anticommutators 

{u»{x),u»{y)}=WD {x-y) (2.5) 

and all other anti-commutators vanishing. All asymptotic fields fulfil the wave 
equation 

nw v {x) = 

au a (x) = (2.6) 
UvP{x) = 



The gauge charge Q (2.4) defines a gauge variation by 

d Q F := QF - (-l) n » (ir) FQ (2.7) 

where n g is the ghostnumber. This is the number of ghost fields minus the number 
of anti-ghost fields in the Wick monomial F. The operator cIq obeys the Leibniz 
rule 

d Q (AB) = (d Q A)B + (-ly^AdgB (2.8) 

where A and B are arbitrary operators. We obtain the following gauge variations 
of the fundamental fields: 

rfQ^ = -|« + ^-^<) (2-9) 

d Q h= iu 1 ^ (2.10) 

d Q u»= %\C (2-11) 

dqu 11 = (2.12) 



From (2.9) we immediately see 

dQh% = (2.13) 

The result (2.9) agrees with the infinitesimal gauge transformations of the Goldberg 
variables, so that our choice of Q corresponds to the classical framework described in 
the introduction. The asymptotic fields will be used to construct the time-ordered 
products T n in the adiabatically switched S'-matrix 

°° 1 f 

S(g) = 1 + I T n (xx,... ,x n )g{xi)...g(x n )d A xi...d i x n (2.14) 



where g £ 6>(R 4 ) is a test function. The time ordered products T n are operator 
valued distributions and can be expressed by normally ordered products of free 
fields. It is very important that gauge invariance of the S'-matrix can be directly 
formulated in terms of the T n . First order gauge invariance means that dqT\ is a 
divergence in the sense of vector analysis, i.e. 

d Q T 1 {x)=id tl T? /1 (x) (2.15) 
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The definition of the n-th order gauge invariance then reads 




(2.16) 



Here T^n is the time ordered product with a gauge variated vertex Ty^xi) at 
position xi and ordinary vertices T± at the other arguments. 



3. Structure of the Interaction 

Here we introduce the self-couplings of the quantum tensor field. We consider 
for this purpose a symmetrical rank- 2 tensor field in a fixed background, namely 
Minkowski spacetime. The simplest expression leading to a self-interacting spin-2 
field theory is a trilinear coupling of the quantum fields W LV (x) and h(x) = h^ 1 ^{x). 
We require Lorentz invariance and in addition to that two derivatives acting on the 
fields. This is for the following reasons: First of all, by inspection of all trilinear 
self-interaction terms without derivatives, it is easily seen that such a theory cannot 
be gauge invariant to first order of perturbation theory. Therefore an interaction 
without derivatives can be ruled out. Secondly it is impossible to form a Lorentz- 
scalar from three rank-2 tensor fields with only one derivative. Last but not least 
the corresponding trilinear expression in the expansion the E-H action contains two 
derivatives as well. Therefore we are able to reproduce the results from classical 
general relativity. 

In the following all fields are free fields obeying the free field equations of motion. 
All products of two or more fields at the same spacetime point x are viewed as 
normal products. Then the general ansatz for a combination of three field operators 
contains 12 termsjj]: 

Ti(x) a x : h^(x) v h(x), u h(x) :+a 2 : h^(x)h{x) v h(x), v : 

+ a 3 : h af3 (x), a h l3 ' i {x) v h{x) : +a 4 : h af3 (x), a h^(x)h(x), IJ : 

+ a 5 : h afj (x)h fj '"(x), a h(x), tl : + a 6 : h a0 (x), tl h^(x), a h(x) : 

+ a 7 : h flu {x), lJ ,h a ^(x), v h af} (x) : + a 8 : W(x)h af} (x) v h af} (x), u : 

+ a 9 : h^{x), a h va {x)^h^{x) : +ai : h fiv {x) vx h' /a (x)h^{x), : 

+ a n : h" v (x)h ua {x), a h ti0 (x),0 :+a 12 : h"* ' {x)h va [x)^h^{x), a : 

Here we have omitted all terms which are gauge invariant in a trivial way. These 
are terms with a contraction on the two derivatives, e.g. h(x), a h(x), a h(x) — 
l/2d a (h(x), a h(x)h(x)). Furthermore all terms with two derivatives acting on the 
same field can be transformed into a divergence plus a term already contained in 
( |3.l| ) . These terms would modify our ansatz only in a redefinition of some param- 
eters a, and can be omitted without losing generality. 

As in the cases of Yang-Mills theory || [| and Einstein gravity we expect to 
get a gauge invariant first order coupling only if we couple the tensor field to 



1 We use the following convention regarding the indices. All vector- and tensor indices are 
written as superscript, whereas all partial derivatives are written as subscript in the abbreviated 
form with a prime in front of the index, i.e.: A(x), v = 8A(x) / dx" . All indices will be raised and 
lowered by the Minkowski-metric ?j M „ and will be properly contracted like A M B M := r? M ^A M B". 
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ghost and anti-ghost fields. The most general expression with zero ghost-number is 

T?(x) := h : u p {x), v u p {x), p h ilv {x) :+b 2 : u p (x), v u p (x)h» v (x), p : 

+ 63 : uP(x)u»(x)„h^(x), p :+b 4 : u p (x) , p u^ (x) ^ (x) : 
+ b 5 : u p (x), p u"(x)h pv (x),„ :+b 6 : u p (x)u» (x) , p h» v (x) ,„ : 
+ b 7 : u p (x), p u^(x), p h(x) :+b s : u p (x), p u^(x)h(x), p : 
+ b g : u p (x)u»(x), p h{x), p : +610 : u p (x) , p u p (x) ^(x) : 
+ b n : u p {x), p u p (x)h{x), p :+b 12 : u p (x)u^(x) v h(x), fl : (3.2) 
+ 613 : u p {x)^u p (x), v h pv {x) : +614 : u p {x),^{x)h pv {x)„ 
+ b 15 :u p (x)^(x), p hP u (x)„ 
+ b 17 :u p (x),^(x)h pv (x), pj 
+ b 19 :u»(x), u u»(x), p hP u (x) 
+ b 21 :u»(x)u p (x),„h pv (x), p 



+ 6i 6 : u p {x), v u p {x), IJl h pv {x) 
+ 6i 8 : u p (x)u»(x),„h pu (x), p 
+ b 20 : u p (x), v u p {x)h pv {x), p 



We will suppress all arguments of the field operators as well as the double dots of 
normal ordering in subsequent expressions. The complete first order coupling is 
then given by: 



T a . = T h + T u 



(3.3) 



In the following analysis we are interested in the question how the parameters of 
the theory a\, . . . , a\ 2 and 61, . . . ,621 will be restricted due to first order gauge 
invariance. 



4. Gauge invariance to first order 

4.1. Ansatz for a divergence. In the previous section we have defined our tri- 
linear coupling Ty as well as the coupling to ghost- and anti-ghost fields T". In 
this section we try to write the gauge variation cIqTi as a divergence d^T^. We 
proceed in the following way: Because of the great variety of different terms in 
cIqTi it is most convenient to use a separate ansatz for Ty v Since the operator d,Q 
applied to our T\ increases the ghostnumber of the result by one we have to make 
an ansatz with n g (T^ 1 ) = 1. The terms appearing in this ansatz can be classified 
according to their index structure regarding the tensor indices: There are seven 
different types of the form uhh, namely 

1. ) Type A: 

t$ = ci uXh p ° + c 2 u»h p °hp° + c 3 u°^rr + c 4 u a h P Z p hP° 
+ c 5 < a h p ;hp° + Ce u a h p :h p ; + c 7 «; h p °h pa 

2. ) Type B: 

T^f = c 8 u^h, a h + c 9 uPh, a h, a + cio < a , p hh + en u a h^h ^ 
+ C12 u a a h^h + ci 3 u a h, a h,^ + C14 u a ^h„h 

3. ) Type C: 

T?j° = cib ulK/h + cia u a v h ap h, v + ci 7 u a h a fh v + cis u a ^h aiJ h 

+ C19 U^^/l + C20 U a h aV h vv + 021 + C 22 U^/^ (4-3) 

+ C 23 W a /ir h, M + C 24 + C25 + C 26 
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4. ) Type D: 

= c 27 u%h a ;\f» + c 28 u%h a °h°f + c 29 u a h a °h°f + c 30 u«, il h a °h° p 

+ c 3 i + c 32 u a h a °h^ + c 33 u%K°\f + c 34 u%h a °h°r (4.4) 

+ C 35 U a h a p °h a ? + C 36 U%h a p °h°P + C 37 U a p h a °h° p + C 38 U a h^h^ 

5. ) Type £: 

T p f = c 39 v£, p h a ''h' Mr + c 40 u a hl%h»° + C4i U Q /i ap ^^ + c 42 uZK/h^ 

+ C 43 U^h^ + C44 U a h%Ph>£ + C 45 U^h^ + C 46 U%h ap h>£ 
+ C 47 U a h°"h^ + C48 W? p „K a »K°P + C 49 U a h^h p ° + C 50 U<*h a »h p °„ 
+ C 5 l U > a //l pCT + C 52 U^fC + C 53 « Q /*7/C 



(4.5) 



6.) Type F: 

1/1 



T P ;f = C 54 < p /l^ ff + C 55 U^/l^ + C 56 U P /l^/Cp + C 57 



+ C 58 + C 59 U"h%h™ + C 60 + CB1 U^""^ 

+ C 62 U P /l^/C + C 63 U^h^h™ + C 64 U^h^h™ + C 65 U"^"^" 



(4.6) 



7.) Type G: 
i/ 



T$ = c 69 + c 70 + C7i uWh„, p + c 72 u%h^h 

+ C 73 U^hThy + C 74 U P ^r^ v + C75 U^Jl + C 76 U P ^ ? . 
+ C 77 u"/^/^ + C 78 U%„h<>°h + C 79 U»h%,h + C 80 U»h P °h, pv 
+ CBi U^Jl + C 82 W^ P<7 /l CT + C 83 U"^A W 

The remaining ones are products of two ghost fields and one anti-ghost field. Here 
we have three different types: 
8.) Type H: 

nU,H a ~a a i IX ~a a , u~a a , a ~ a „ a 



Tu.n u ~a a , u ~a a , u~a a , 

l/X = C 8 4 U,a u ,a u + c 85 U v + c 86 U^U V U„ + C 87 ' 



+ c 88 u°u a u° + c 89 u CT « M + c 90 W ;ti> a + c 9 i (4.8) 
+ c 92 u a u a ^u a a + c 93 u a av u a u a + c 94 u a u a a , p u a + c 95 u a u a u a av 

9.) Type J: 

TT/J 7 = C 96 «£fi{X + C97 «« P + C 98 U a uf p , a U p + C 99 U^fi'V 

+ cioo u^pVTv! 1 + cioi it p u£, p it M + c W2 u p u a u^. p + c W3 u p u^u p 
+ C104 u P 3i u a uf p + C105 u p u a a uf p + c we u p p u a a u' 1 + c w7 u p p u a uf a 
+ cios u p u a p u p a + C109 u p u a av u p 



(4.9) 



10.) Type if 



Tf/f = ciio <w M Q « CT + cm h;^"/ + cu2 



+ C113 u a a ii a u a p + cm u^u a a u a 
Then we obtain the total divergence as the sum of these 10 different types 



(4.10) 



W fl =d, J2 T iA ( 4n ) 
ie{A,... ,k\ 
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The parameters ci, . . . ,cn4 £ C are for the moment free constants, to be deter- 
mined by gauge invariance. This expression^ for contains all possible combi- 
nations of fields appearing after gauge variation of T\ . Without losing generality 
one can now eliminate a few terms in the types A, . . . , D, H and Therefore we 
consider a new Q-vertex T^ x (x) for which the following relation holds 

T» 1 (x)=f? /1 (x) + B»(x) (4.12) 

where B^ has the special form B fl (x) — d*A Vfl (x) and A utl {x) is an anti-symmetrical 
tensor of rank 2. Then we have 

d ll T? /1 (x)=d l >T? /1 (x), (4.13) 

because partial derivatives are commuting. Let us now construct such a tensor A vp . 
We consider the type- A term C3 u t ^ x , il hP a h p<7 . This can be written as 

czu^h^hP* = c 3 [d^bThr) -2u% l h%h p °] (4.14) 

In an analogous way and using the wave equation we can write 

= c^Ji^hP" = c 3 [d a (u^h<">hP°) -2u p Ji p °h< 3 °\ (4.15) 

Now we add -c 3 < t , Q /i p ' T /i p ' T to T^ fl and obtain 

T i/i = Tyi + c 3 M< - n^W" (4.16) 

The expression in brackets is anti-symmetric in v, /i and we get if we replace the 
constants C\ with ci + 2 c 3 and C7 with C7 — 2 C3 in T^,y In this way we can eliminate 
the monomials with constants C3, C4 in type A, cio, cn in type B, cis, C19, C20 in type 
C, C30, C31, C32 in type D, C93, C94, C95 in type H and cm in type K. Then we obtain 
a smaller Q- vertex from if we replace 

Ci, i £ {1, 2, 5, 6, 7, 8, 9, 12, 13, 14, 15, 16, 17, 21, 22, 23, 24, 25, 26, 27, 28, 29, 
33, 34, 35, 36, 37, 84, 85, 86, 87, 88, 89, 90, 91, 92, 110, 113, 114} 



by 
















Cl = 


Cl - 


h2c 3 - 


h c 4 , 


C2 = 


c 2 + c 4 , c 5 = c 5 - c 4 , c 6 = c 6 - c 4 , 






C7 = 


C7 " 


-2c 3 , 


C8 = 


C8 + 


2 Cio + Cn, Cg = Cg + Cn, c i2 = c i2 - Cn, 




Cl3 = 


Cl3 


- Cn, 


C14 = 


= C14 


- 2 Cio, Ci 5 = C15 + Cis + C19, Ci 6 = Ci 6 


+ Cis " 


f c 20 , 


C17 = 


C17 


+ C19 - 


f C 2 0, 


C21 


= C21 — Cig, C 2 2 = C22 — C 2 o, C23 = C23 — 


C20, 




C24 = 


C'24 


- Cis, 


C25 = 


= C25 


- Cis, C 26 = C 2 6 - Cig, C27 = C 2 7 + C 30 + 


C31, 




C28 = 


C28 


+ C 30 - 


f C 3 2- 


C29 


= c 2 g + C31 + C 32 , C33 = C33 - C31, C34 = 


C34 - 


C32, 


C35 = 


C35 


- C32, 


C36 = 


= C 3 6 


- C30, C37 = C37 - c 30 , c 38 = c 38 - C31, 






C84 = 


C 8 4 


+ C93 - 


f C94, 


C85 


= C 85 + Cg 3 + Cg 5 , C 86 = C 86 + Cg 4 + Cg 5 , 


C87 = 


C87 - 


C88 = 


C88 


- C95, 


C89 = 


= C 8 9 


— Cgs, Cgg = Cgo — Cg3, Cgi = Cgi — Cg3, 






C92 = 


C92 


— Cg 4 , 


Clio 


— cno + Cm, S113 — C113 + Cm, c 114 — c 114 


- cm 





In the following we will always use this new Q- vertex T^j . After elimination of these 
redundant terms in the types A, . . . , D, H and K one can express the corresponding 
terms of (IqTi in an unique way as a divergence in the sense of vector analysis. This 
is done in appendix A. For the types E, F, G and J the situation is a little different. 
Here we have no monomial with two derivatives, one of which acting with respect 

2 T^ 1 is called Q- vertex in the sequel because it is obtained from the usual vertex Ti if one 
replaces a quantum field with the gauge variation of that field. 
3 This relies on an idea of M.Diitsch, see M 
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to . For these types it is impossible to obtain an unique divergence for (IqT\, see 
appendix B. Nevertheless these types are important for the following, as we will 
see. Let us look at type E first. 



4.2. Type E divergences. In this subsection we consider the type E divergences 
explicitly. From the comparison of these divergences with cIqTi \T yP eE we will get 
linear relations among the coupling parameters of T±. We require the following 
equation to be satisfied 



dQTi\ Typ E — dfJP^jf 
Calculating the right side of this equation we get 

+ d 33 u a ^h^ + d 3i u«h av h<£ v + d^h^Kf + d 36 u a h^h^ 



(4.17) 



d 37 ul, u h% v h* 
d 41 uZh 
d^u a h 



ds & uZh™h»° 



d 39 uZh a »h^ 



■a-vp," 1 



di2u a h a u lh^ + d i3 u a h«rW; 



d 4e u a h a »h?° 



■) i -a 



- d 40 uZ, v h au h?° 
d 44 uZ,^h a »h»° 



(4.18) 



The new constants are defined as follows 



d 2 g 


:= c 42 - 


1- C 48 , 


d 3 


:= c 40 - 


1- C42 - 


F- c 5 i, 


^31 


= c 42 - 


1- C47 - 


1- C 52 


d 3 2 


:= c 43 - 


h C 48 , 


d 33 


:= c 43 - 


\- C44 - 


F- c 5 i, 


C?34 


= c 4 i - 


1- C43 - 


1- C 52 


d 3 5 


:= c 44 - 


1- C49, 


d 3 e 


:= c 4 i - 


\- C44 - 


F- C53, 


^37 


= C39 - 


1- C45 - 


h C51 


d 3 g 


:= c 4 5 - 


1- C49, 


d 3 9 


:= c 45 - 


F" C 4 6 - 


F- C53, 


dio 


= C39 - 


1- C 46 - 


1- c 52 


dn 


:= c 46 - 


I" C50, 


d i2 


:= c 40 - 


1- C47 - 


I- C53, 


di 3 


= C47 - 


I" C50 




C?44 


:= C39 - 


h C 48 , 


C?45 


:= c 40 - 


F- C49, 


^46 


= C41 


+ c 5 o 







(4.19) 



From equation (4.17) we see that 



^29 

d 3 2 

d 35 

d 3 s 
da 
da 



aio, d 30 = -ib 19 , d 3 i = -i(a n + b 1A + 6 20 ) 



- 2 ° 9 ' ^ 33 = ~* a 12) rf 34 = -«&13 



0. 



'36 



-ib 



18- 



*37 



-i(2a 8 + -a 9 ) 



0, d 39 = -i(a 7 + &17), c^4o 
- ib w , d i2 = -ihi, d i3 = -i&i 5 

0, C?45 = 0, G?46 = 



i(a 7 + - a 10 ) 



(4.20) 



Finally we arrive at the divergence form if we invert the system ( 4.1 9| ) . This is done 
in appendix B. Let Me € Mat(18 x 15, Z) be the coefficient matrix of (4.19). Then 
we can write this system of equations as 



Me ■ c A = d 1 



(4.21) 



where c E e C 15 and d E G C 18 are the column vectors with components (039, . . . , C53) 
and (g?29, . . . , d^a) respectively. Now we observe two things: 
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(4.22) 



1. For a solution to exist it is necessary to fulfil 

d 32 + d 36 - d 33 - d 46 ~ da - d 39 + d 37 + d 4 i = 
d 3 2 + d 36 - d 33 - 2d 44 + d 40 - d 39 + d 37 - d 31 + d 29 + d 43 - d 46 = 
d 3 2 - d 33 - 2d 44 + d 40 - d 3g + d 37 + d 35 - d 31 + d 29 + d 42 - d 45 = 
d 36 + 2d 3 2 ~ d 33 - 2d 44 + d 40 - d 39 + d 37 - d 34 = 
d 42 + 2d 29 - d 3Q + d 40 - 2d 44 - d 39 + d 37 - d 31 = 
^38 + d 49 — d 39 — d 44 — d 34 + d 29 + d 42 — d 45 = 

2. rank(M E ) = 12 

From 2. we get the information that the representation of dQTi\ T me E as a di- 
vergence is not unique. But the important results are the equations (4.22), because 
we obtain relations among the coupling parameters if we use (4.20): 

a 7 - 2a$ - a 9 + a 42 - b w + b 47 — 6 18 = (4.23) 

-2a 8 - a 9 - a w + a 41 + a 12 + b u - b 15 + b 17 - b 18 + b 20 = (4.24) 

-2a 8 - a g - a w + a n + a 12 + b 14 + b 17 + b 20 - b 2 % = (4-25) 
3 1 

-2a 8 - -a 9 - -aio + a 12 + b 13 + b 17 ~ b 18 = (4-26) 
1 3 

-2a 8 - -a 9 - -aio + an + b u + b u + 619 + ho - hi = (4.27) 

-ai + «n + h 4 + bn + 620 - hi = (4.28) 
These equations are direct consequences of first order gauge invariance. 

4.3. Divergences of Type F, G, J. In analogy to the case of type E we obtain 
linear relations among the coupling parameters from the types F, G and J. One 
finds the following 9 relations 



-a 4 - a 5 - a g - a 10 - b 2 + b 3 - b 4 = 
— 2a3 — 2a6 — ag — aio — an — ai2 + b 3 — 2b 4 + 265 — be = 
a-5 ~ a& = 

-a 4 + a 5 - 2a 6 - ^a 9 - ^ai - h - 64 = 
-2a 2 - a 5 + a 6 - a 8 + fe 8 + 611 = 

— 2ai + 2a 2 - a 4 + 2a 5 — 3a 6 — a 7 + a 8 — b s — 2b w + bn — 2b 42 = 
a 5 -a 6 -b 9 - b 12 = 
1 3 

- 2 a 4 + ~ 2a 6 + h _ h - h2 = 
— 2a 2 + a 5 — a 6 — a 8 — o 8 - 6n = 



4.29) 
4.30) 
4.31) 

4.32) 

4.33) 
4.34) 
4.35) 

4.36) 
4.37) 



Together with the six relations from type E (4.23-4.28) we get 15 independent 
equations which restrict the admissible theories. By construction these equations 
are necessary for a spin-2 theory to be gauge invariant. 

4.4. Nilpotency of Q. The gauge charge operator is by definition nilpotent (Q 2 = 
0) . As a consequence the application of twice the gauge variation to every expression 
must vanish, i.e. 

(d Q ) 2 T 1 (x)=0 (4.38) 



10 



GUNTER SCHARF AND MARK WELLMANN 



If we now use the gauge invariance of T\ to first order, we get additional constraints 
for the Q- vertex T^ v namely 



(W/i(*) 



(4.39) 



This equation gives us restrictions on the parameters of Ty v After a lengthy 
calculation one arrives at exactly 63 linear independent coefficients. The remaining 
ones can be expressed as linear combinations of them. One might think that these 
linear dependences may produce further necessary conditions beside the fifteen 
above. But this is not the case. The divergence expressions become larger if we 
restrict ourself to these 63 independent parameters since terms of different types 
mix up. In view of this it is more convenient to work with the full 100 different 



parameters but type by type separately. The equation (4.39) is always satisfied as 
soon as gauge invariance to first order holds. 



5. Gauge invariant Spin-2 theories 

The preceding section has shown what kind of restrictions we obtain if we require 
the theory to be gauge invariant. The 15 equations (4.23-4.37) we have found for 
the 33 parameters oi, . . . , a\ 2 as well as b\, . . . , 621 play a central role. Now we 
can look at an arbitrary solution to this set of equations. The corresponding T\ 
is then gauge invariant to first order because for the following reason. We have to 
write the gauge variation of this T± as a divergence in the sense of vector analysis. 
Because of the generality of our ansatz for the Q- vertex every term in g?qXi can 
be uniquely identified with a dj-monomial in With the help of the equations 

from appendix A we can then find a unique divergence for the types A, B, C, D, H 
and K . For the other types we can also find a divergence but in this case it's no 
longer unique (see appendix B). 

Summing up we have proven the following proposition 

Proposition 1. Let T\ and Ty^ be given as above, furthermore let f be the fol- 
lowing mapping 

f : (Vectorspace of Wick-monomials) > (Vectorspace of coefficients a.;, bj) 

aih^h,„h + . . . + b 2 iu^ut v hPp 1 — > (01, . . . , oi 2 , &i, . . . ,621) 

Let V S M 33 be the space of solutions to ( 4-2^ - 4-- 37). V is an 18- dimensional sub- 
space 0/E 33 , which is characterised through the following injective linear mapping 
L : R 1S ► R 33 : 

[a$, 0,12, b$, f>4, b§, b e , b 7 , bio, &n> bn, 6i3> bu, bi 6 , bu, bis, big,b 20 , 621) 1 — ► 

-67 - 610 - i (616 - 617 + h 8 ) , 2 ( & i3 + hr - hs -h 9 ), -a 6 + -63 - h + h 

- \ ( b 6 + 3 613 - bu) - bn + ^ (3 &18 - &19 + &20 - b 2 i) , -a 6 + 2 (b 7 + b n - b 12 ) , 

a6,a 6 ,bi 6 - bn + b 18 , - (-&13 - &17 + &18 + h 9 ),a 12 + b i3 + bn - b w - b 19 , -o 12 
+ 613 + bn - hs + big, -an + b 13 - bu - &i 8 + 619 - b 20 + b 21 ,a 12 , -64 - 2 (b 7 
+ b n - 612) - 613 - &17 + 618,^3^^4-2 (b 7 + bu - 612 + 613 + 617 - hs), 

63, 64, 65, b 6 , 67, -611, -612, 610, 6n, 612, 613, 614, -hs + b 21 ,b 16l bn, b ls ,hg, b 20 , 6 2 i ) 
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Then we have the two equivalent statements: 

(Al) dgT^x) = dffi /x {x) and d Q faf^x)) = 

(A2) /(Ti) e V = im{L) 

where im(L) means the image of the linear mapping L. 

This proposition determines all gauge invariant spin-2 theories up to first order 
of perturbation theory. One obtains the trilinear coupling in the expansion of the 
E-H action by L(Q, 1, — 1 , — f , 0, . . . , 0, 1, 0, 0). This has the explicit form: 

11 times 

T?' EH = k[~ hTh^K + \ h^h^hf + h^h^] (5.1) 

The ghost coupling turns out to be the one first suggested by Kugo and Ojima [ |l6| , 
namely 

T»' KO = k[ U P v u%W v - u»u%h» p v ~ u%u%h» v + u%u%h" v \ (5.2) 

From the viewpoint of gauge properties of a quantised tensor field we have obtained 
a set of 18 linear independent gauge theories. We claim that these 18 different 
theories together with all their linear combinations are physically equi valen t (in 
the sense explained below) to the t rilin ear coupling of Einstein- Hilbert (5.1) plus 
the ghost coupling of Kugo-Ojima (|5.2| ) up to first order of perturbation theory. 
Let Pphys be the projection from the hole Fock-space T onto the physical subspace 
Fphys, which can be expressed in terms of the kernel and the range of the gauge 
charge operator Q by 

Fphys = ker Q/ran Q (5-3) 

(see e.g. |l^, [l2|). Then two ^-matrices S, S' describe the same physics if all matrix 
elements between physical states agree in the adiabatic limit g — > 1, i.e. 

lim(0, Pphys S(g) PphysQ) = lira (<f>, P phys S'(g)P p h ys i>), V0,V^ e T (5.4) 

For theories with massless fields the existence of the adiabatic limit is a problem. 
To avoid this we work with a perturbative version of (5.4): 

PphysT n Pphys - PphysT^Pphys = divergences (5.5) 



Obviously (5.5) for all n implies ( |5.4| ) if the adiabatic limit exists. Specialising to 
first order n = 1 we see that two couplings Ti and T[ which differ by a divergence 
are physically equivalent to first order. Furthermore, if they differ by a coboundary, 
i.e. a term 

Tf = d Q X (5.6) 

where X has ghostnumber n g (X) = — 1, they are also equivalent because of the 
equation 

Pphysi^QX^Pphys PphysQX Pphys ~t~ Pphys-^- Q Pphys (5.7) 

since by inspection of ( j5.3| ) we have 

QPphys = = PphysQ (5-8) 

Let us return to the space of solutions V from proposition 1. Every vector in V 
corresponds through the mapping / _1 to a gauge invariant theory to first order of 
perturbation theory. As was mentioned earlier the trilinear coupling of Einstein- 
Hilbert lies in this space. We now look at the other theories beside the E-H coupling. 
For this purpose we choose a suitable basis in V. It turns out that a basis can be 
choosen which shows that all theories beside the classical E-H coupling consists of 
divergences and coboundaries only. Then we have the following theorem. 



12 



GUNTER SCHARF AND MARK WELLMANN 



Proposition 2. Up to first order of perturbation theory all gauge invariant trilin- 
ear self- couplings of a quantised tensor field h fJ,u (x) are physically equivalent to the 



one obtained from the expansion of the Einstein- Hilbert lagrangian (given by (5.1) 
without the two divergence terms, see ppfj. 

The proof of this proposition is given in appendix C. 

Now there arise two questions: 1) Will the statement of this proposition remain 
true in higher orders? To answer this question we have to show that in each order 
n we can achieve the form 

T n = T% H + d Q (X n ) + divergences (5.9) 

where T^ H will be constructed from Tj 1 , j = 1, . . . , n— 1 only. We are quite sure 
that this is indeed the case so the divergence- or coboundary contributions will have 
no physical effect. This will be further investigated in a forthcomming paper. 

2) What about the gauge invariance of the Einstein-Hilbert coupling in higher 
orders? In [^0| Schorn obtained the result that the E-H coupling in combination 
with the Kugo-Ojima-coupling for the ghosts is gauge invariant to second order. 
There it was necessary to introduce normalisation terms which coincide with the 
four graviton coupling obtained from the expansion of the E-H lagrangian. Higher 
than second order have not been investigated up to now. 

6. Discussion and Outlook 

In this work we have given a detailed analysis of the gauge properties of a quan- 
tised tensor field. Very strong restrictions on the admissible form of the interaction 
are obtained through the requirement of perturbative gauge invariance even in first 
order of perturbation theory. Among all solutions to our set of equations only the 
E-H coupling remains as a physically relevant theory. This fact is very remarkable 
since in our approach only the gauge properties of a quantum field describing a 
spin-2 particle were considered and no use was made of any geometrical input from 
classical general relativity. In view of this and with the preceding work about Yang- 
Mills theories in mind we have seen that the principle of operator gauge invariance 
is a really universal. 

In the future we will analyze the Einstein-Hilbert coupling in higher orders of 
perturbation theory. First of all we will work out a proof of proposition 2 in 
higher orders which seems possible to us without to many difficulties. Then we are 
interested in a detailed analysis of the second order gauge invariance for the E-H 
coupling. Although this was already done by Schorn who has found that the second 
order is indeed gauge invariant, we hope that we can give a more straightforward 
proof of this result which can be generalized to higher orders. We also plan to 
consider other non-flat backgrounds. 

In the subsequent appendices A and B we give the explicit divergence forms for 
the various types of dqT\. The proof of proposition 2 is outlined in appendix C. 



Appendix A. Divergences for types A, B,C, D, H and K 
Here we give the unique divergence expressions for dqT\. 

' AM 
1/1 



1.) Type A: We calculate the expression d^T^'.f explicitely: 



d»T$ = di < a ^h<>° + d 2 u» a h^ a h»° + d 3 u^hghZ 

+ d 4 u%h?X + d 5 u»h?°X 
The constants d\ , . . . ,ds are given by 

di:=ci + C5, d 2 := ci + c 7 , d 3 := ci + c 6 + c 7 . 
d 4 ■= c 2 + c 5 , d 5 := 2 c 2 + c 6 



(A.l) 



(A.2) 
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From first order gauge invariance we obtain 



di = 0, d 2 = 0, d 3 = -iag, d 4 = - a s , d 5 = 



(A.3) 



The coefficient matrix Ma of (A. 2) is in GL(5,Z). We invert these equations and 
obtain 



Cl 


= d t + i (d 2 - 


- d 3 - 


h d 5 - 2 di) 


(A.4) 


C2 




-d 2 ) 




(A.5) 


C5 




- d 5 - 


h2d 4 ) 


(A.6) 


C6 


= d 3 - d 2 






(A.7) 


C7 


= d 4 - di + - 


(d 2 - 


h d3 - d 5 ) 


(A.8) 



These equations give, together with ( |A.3| ), the desired divergence for dQTi\xy pe A- 
2.) Type B: We calculate the expression d^T^'.f explicitely: 



O^jf = d 6 u^, a h, a h + d 7 u^h. im h + d 8 </i,^ 
+ d 9 u{^h, a h, a + dio u^h^ah^ 



The constants de , . . . , dio are given by 

d6:=c 8 + ci2, d 7 :=c 8 + ci4, d 8 
dg:=c 9 + ci2, di :=2c 9 + ci 3 

From first order gauge invariance we obtain 



C 8 + Ci 3 + Ci4, 



0, d 7 = 0, d 8 



-«ct 2 , 



■ a 2 , 



'10 



(A.9) 



(A.10) 



(A.11) 



The coefficient matrix Mb of ( A.10| ) is in GL(5,Z). We invert these equations and 
obtain 



1 



C8 

C9 

Cl2 
Cl3 
C14 



d& + g ( rf io - 2 d 9 - d 8 + d 7 ) 



(A.12) 

(A.13) 

(A.14) 
(A.15) 

(A.16) 

These equations give, together with (A. 11), the desired divergence for dQTi\T ype B- 



= 2 ( rf io ~d 8 + d 7 ) 

= 2 + 2 d 9 - dio - ^7) 
= d 8 - d 7 



1 



(di 



3.) Type C: We calculate the expression d^T^L explicitely: 



, , , - dn ulyhVh + dia + di 3 

+ du ul v h a »K + di 5 u^fc,, + di 6 uZh a »h tfl , v 

+ di 7 UJC^ + d 18 ""^w' 1 !/ + dl9 Wh^h^ 

The constants dn, . . . , dig are given by 



(A.17) 



dn 
du 
di7 



= 2i5+c 2 i, di2 := C15 + c 24 , d i3 := C15 + c 25 + c 26 , 
= ci 6 + c 22 , di 5 :— Ci 6 + c 23 + c 24 , di 6 :=ci 6 + c 25 
= C17 + c 2 i + c 22 , di 8 := C17 + c 23 , di 9 :=ci 7 + c 26 



(A.18) 
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From first order gauge invariance we get 



dn=-iae, dn — 0, d 13 = --a 5l du = --a 5 , 



(A.19) 



115 



- a 4 , die = 0, d 17 = 0, d ls = 0, dig = 



The cocfficiciit matrix Mc of (A. 18) is in GL(9, Z). We invert these equations and 
obtain 



Cl5 = 


1 

2 


(du + 


di2 + 


d 14 - 


di 5 - 


dn + 


dm) 


(A.20) 


Cl6 = 


1 

2 


(d u - 


di 3 + 


d 14 + 


dw - 


dn + 


dig) 


(A.21) 


Cl7 = 


1 

2 


(^12 - 


di3 - 


di 5 + 


die, + 


dis + 


dig) 


(A.22) 


C21 = 


1 

2 


(^11 - 


di2 - 


d 14 + 


dm + 


dn - 


dis) 


(A.23) 


C22 = 


1 

2 


(—du 


+ d 13 


+ d u 


- d w 


+ dn 


— dig) 


(A.24) 


C23 = 


1 

2 


(—di2 


+ d 13 


+ di 5 


- d w 


+ dis 


— dig) 


(A.25) 


C24 = 


1 

2 


(—du 


+ d 12 


- d u 


+ d u 


+ dn 


- d w ) 


(A.26) 


C25 = 


1 

2 


(—du 


+ d 13 


- du 


+ d w 


+ dn 


— dig) 


(A.27) 


C26 


1 

2 


(~di2 


+ di 3 


+ d 15 


- di 6 


- dis 


+ dig) 


(A.28) 



These equations give, together with ( A.19| ), the desired divergence for dQTi\T VP , 



eC- 



4.) Type D: We calculate the expression d^f^® explicitely: 

dpfff = d 20 u%K"h^ + d 2X ulK°jf» + d 22 ulKJK* 

+ d 23 u% v h a °h^ + d 2i u%K™h a * + d 25 u a v h aa h°£ v 
+ d 26 u^h%°h°» + d 27 u a K° v hl» + d 2S u a h a fh^ 



(A.29) 



The constants e?2 



, d2s are given by 



d 2 o 
d 2 3 
d 2 6 



C27 
C28 
C29 



C 3 3, 
C34, 
C33 



d21 
d 2 4 
C34, 



= C 2 7 + C 36 , d 2 2 := C27 + C37 + c 38 
= C28 + c 35 + c 36 , d 25 := c 28 + C37, 
0^27 := C29 + c 35 , d 2 s :=c 2 g + c 38 



(A.30) 



From first order gauge invariance we obtain 



efeo — — 2 a 9' ^21 — 0, C?22 



«10; «23 



-ia 12 



■ ag, 



0, d 26 = 0, d 27 = 0, d 28 = 



(A.31) 
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The coefficient matrix Md of ( A.30| ) is in GL(9, Z). We invert these equations and 
obtain 



C27 = 


1 

2 


(c?20 + 


d 2 i + 


d 2 3 - 


d 2 A - 


d 2 6 + 


^27) 


(A.32) 


C28 = 


1 

2 


(d 2Q - 


d 22 + 


d 2 3 + 


G?25 - 


d 2 & + 


^28) 


(A.33) 


C29 = 


1 
2 


(d 2 i - 


d 22 - 


d 2 i + 


d 2 5 + 


d 2 7 + 


^28) 


(A.34) 


C33 = 


1 

2 


(d 20 - 


d 2 \ - 


d 23 + 


d 2 A + 


d 2 6 - 


d 27 ) 


(A.35) 


C34 = 


1 

2 


(—^20 


+ d 22 


+ d 23 


- d 25 


+ d 26 


- d 28 ) 


(A.36) 


C35 = 


1 

2 


(-tfel 


+ d 22 


+ d 2i 


- d 25 


+ d 27 


- d 2 $) 


(A.37) 


C36 = 


1 

2 


(-^20 


+ d 21 


- d 23 


+ d 2i 


+ d 26 


- d 27 ) 


(A.38) 


C37 = 


1 

2 


(-^20 


+ d 22 


- d 23 


+ d 25 


+ d 26 


- d 28 ) 


(A.39) 


C38 


1 

2 


(-^21 


+ d 22 


+ d 2i 


- d 25 


- d 27 


+ d 28 ) 


(A.40) 



These equations give, together with (A.3i), the desired divergence for dqTi\ TypeD . 
5.) Type H: We calculate the expression d^T^jf explicitely: 



a rpfJ,,H 



dso u^u a v u a + d sl u1u a ^u a + d 82 u>? v u%u™ 
+ d 83 u% v u a u a v + d 8A u£u™uZ + d S5 u^u a u a ^ v 
+ d 86 u^u a y u a v + d 87 u^ul^ul + d 88 u^ulu^ 



(A.41) 



The constants d 8 Q, . . . , d 88 are given by 



^80 

d 83 
d 8 e 



C84 + C87, d 8 i '■— C84 + C90, C?82 
C85 + C887 °^84 '•= C85 + C 8 g + C90, 
C86 + C87 + C88j ^87 ■= C 8 q + C 8 g, 



= C 8i + C91 + C 92 , 
^85 : = Cg5 + 691, 
<^88 : = C86 + C92 



(A.42) 



From first order gauge invariance we obtain 



d m =0, d 81 = 0, G?82 = 7^19, ^83=0, d S4 , = -- (&l - 619), 

. . (A.43) 

d 8 5=-^h, d 86 = - - (b 4 + b 19 ) , d 87 = 0, d 88 = --b 3 
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The coefficient matrix Mjj of ( A. 42 ) is in GL(9,Z). We invert these equations and 
obtain 



C-84 = 


1 

2 


(^80 + 


<ki + 


ds3 - 


G?84 — 


ds6 + 


ds7) 


(A.44) 


C85 = 


1 

2 


[^80 — 


d&2 + 


ds3 + 


d 8 5 - 


ds6 + 


dss) 


(A.45) 


C86 = 


1 

2 


(d$i - 


d&2 - 


d S 4 + 


d&5 + 


d$7 + 


dss) 


(A.46) 


C87 = 


1 

2 


[d80 — 


dsi - 


ds3 + 


dgi + 


d$6 — 


d 8 7) 


(A.47) 


C88 = 


1 

2 


\ — dso 


+ d$ 2 


+ d S 3 


- d 8 5 


+ d S 6 


— dss) 


(A.48) 


C89 = 


1 

2 


(—dsi 


+ d$ 2 


+ d$± 


- d S5 


+ d s7 


— dss) 


(A.49) 


C90 = 


1 

2 


y~d$o 


+ dsi 


~ d 8 3 


+ d 84: 


+ d S6 


~ ^87) 


(A.50) 


C91 = 


1 

2 


\~dso 


+ d & 2 


- d 8 3 


+ d S 5 


+ d S6 


— ^88) 


(A.51) 


C92 


1 

2 


{-dsi 


+ d & 2 


+ d M 


- d S 5 


- d 87 


+ ^88) 


(A.52) 



These equations give, together with ( |A.43| ), the desired divergence for dQTi\T ype H- 



6.) Type K: We calculate the expression d^T^jf explicitely: 
dpTi/i = dim u a >ili>v u%u a + d W 3 u a v u% v u a + d wi u a v u%u a v + di 05 u a av u a % 



1/ 

The constants dim , • • • > ^105 are given by 
dio2 '■= cno + C112, ^103 : = C110 + C114, dio4 := 

From first order gauge invariance we obtain 

dio2 = — bis, dioz = 0, dio4 = 



(A.53) 



-cno + C112 + C113, digs :— C113 



2 &13> ^105 = 2 ^17 



(A.54) 
(A.55) 



The coefficient matrix Mk of ( A.54 ) is in GL(4, Z). We invert these equations and 
obtain 



cno — 2 (^102 — ^104 + ^105) 
C112 = 2 (^102 + ^104 — ^105) 

Cll3 = ^105 

CiX4 = ^103 + 2 (~<^102 + ^104 — ^105) 



(A.56) 

(A.57) 
(A.58) 

(A.59) 



These equations give, together with ( |A.55| ), the desired divergence for dQTi\ TypeK . 

Appendix B. Divergences for Types E, F, G and J 

Here we calculate the explicit divergence forms in terms of the coupling param- 
eters ai, . . . , (Z12, bi, . . . ,621 for the types E, F, G and J. In contrast to the other 
types the system of equations between the Cj and dj are no longer invertible in a 
unique way. There are some ambiguities, if we express the Ci in terms of the dj. 
Let us begin with type E. 
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1.) Type E: Let Me £ Mat(18 x 15, Z) the coefficient matrix of the system 
( 4.19 ). We have to consider the equation 



Me-c 1 



(B.l) 



The general solution of this equation is the sum of an arbitrary solution and the 
general solution of the corresponding homogeneous equation 



Me • c = 



(B.2) 



The matrix Me has r anfc (Afg) = 12. So there are three free parameters Ai, A2, A3 £ 
C in the solution of (|B.2j). We obtain 



c o C^i> ^2, A3) = ( — Ai — A2 + A3, — Ai + A2 — A3, Ai — A2 — A3, — Ai — A2 + A3, 
— Ai — A2 + A3, — Ai + A2 — A3, — Ai + A2 — A3, Ai — A2 — A3, 
Ai — A2 — A3, Ai + A2 — A3, Ai — A2 + A3, — Ai + A2 + A3, 2 Ai, 

2A 2 , 2 A 3 ) 

(B.3) 



A special solution of equation (B.l) is given by 



:;») ; , ^29 — ^31 — <^44 + C?42 — - (c?39 — ^37 — ^4o) , 



C?32 + ^36 — — C?44 — — (dsg — (I37 — d^o) , ^29 ~ ^44 — ^ (^39 _ ^37 — ^40) j 
d-32 — d44 — - (^39 — ^37 — ^40) , — C?32 + ^33 + (I44 + — (cfog — ^37 — dio) , 
2 (^39 + ^37 — G?4o) ; 2 (^ 40 + ^ 39 — ^37) , <fel — ^29 + ^44 + - ((I39 — ££37 
— d,4o) , d.44 + — (c?39 — ^37 — d4o) , £^44 + cfai — G?29 — C?42 + ^45 + ~ (^39 



^37 



^40 ) 1 



1 



l 32 



^36 



^33 



He 



'44 



(4 



39 



d 40 ), 0, 0, 



The general solution of (B.l) is then given by 



(B.4) 



(B.5) 



With the equations (4.20) we can write the expression dQTi\T ype E as a divergence. 

2.) Type F: In analogy to type E we first calculate the expression d^T^j 1 ^ . This 
expression is of the form 



61 



(B.6) 



i=47 



Here the three derivatives are distributed among fields in all possible combinations. 
The new constants di are defined as follows 



d 4 7 

^50 

^56 
^59 



= c 57 + c 58 + 2 c 63 , c?4 8 := c 56 + C57 + c 67 , d 49 := c 57 + c 59 + c 66 , 

= c 58 + c 62 + c 67 , d 5 i := c 55 + c 58 + c 66 , d 5 2 := c 59 + c 62 + c 64 , 

= c 55 + c 59 + 2 c 6 5, d 5 4 := c 54 + c 66 + c 60 , d 55 := c 6 o + c 6 i + c 6 4, (B.7) 

= C60 + C 65 , C?57 := C54 + C 6 i + C67, C?58 : = Cgl + C68, 

= c 56 + c 62 + 2 c 68 , d eo ■= C54 + c 63 , d e i := c 55 + c 64 + c 56 
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From first order gauge invariance we obtain 

1 i 
d 47 = - i(-a 9 + a 12 ), d 48 = —ibi, d 49 = --a 9 , 

d$o = - i{- aio + b 2 ), d 5 i=0, d 52 = ~ib 3 , d 53 = 0, 



d 5 4 — i(a 5 + - a 9 + a 12 ), cfes 



-ib 4 , d 56 — - (2a 6 + a 9 + a\ 2 ) 



d57 = ^ ( 2 a 4 + a 9 + a lo) , ^58 = ^ ( 2 a 3 + a 10 + a ll ~ 2 65) , 



^59 



^60 



0, d 6 







(B.8) 



Let Mp <E Mai(15 x 15, Z) the coefficient matrix of (B.7). Then we determine the 
general solution of 



(B.9) 



where c F e C 15 and d F 6 C 15 are the column vectors with components (C54, . . . , C6s) 
and (c?47, . . . ,dei) respectively. The matrix Mp has rank(Mp) = 11. The general 
solution of the corresponding homogeneous system 

M F ■ c F = (B.10) 

is labeled by 4 independent parameters Ai, . . . , A4 G C and is given by 

c F (Ai, A2, A3, A4) = ^— A2 + A3, Ai + A3 — A4, — Ai — 2 A3, Ai — A2 + 2 A3, 

— Ai — A2, — Ai — A3 — A4, — A4, —A3, Ai, A2 — A3, A3 + A4, 
A4, A2 — A3 + A4, A2, X^j 

(B.ll) 



A special solution to (B.9) is given by 

cf = (d 56 + d 57 - d 5 5 - 2" ( d 53 + d 59 - d 52 - dei) , ^ (ds3 - ^59 - d 52 + d 61 ) , 



C?5g, d 49 + ^57 — d 



55 — "54 — «53 " "59 



d§i + 2 d 56 , d 4 7 — d 49 + d$2 



+ C?57 — C?55 — 2 0?60 + C?54, 7j (^53 + ^59 + ^52 — ^6l) 7 ^56, "^56 + ^55 
+ \ ( rf 53 + ^59 - d 52 - del), 0, ~G?56 ~ ^57 + d 55 ~ ^60 + ^ (^53 + d 59 

— d 52 — dei) , — 2 (^ 53 ^ 59 — ^ 52 — ^6i) j 0, g?54 — 2 rf 56 — d 57 + d 55 



- {d 5 3 + d 59 - d 52 - d e i), 0, 



The general solution to (BJ)) is then given by 



F F i F 



(B.12) 



(B.13) 



With the equations (B.8) we can write the expression dQTi\T ype F as a divergence. 

„G 



3.) Type G: We calculate d^Th^ , This has the form 



79 



(B.14) 
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The new constants di are defined by 



d 5 2 


■= c 72 - 


Hc 78 , 


43 


:= c 70 - 


1- c 72 - 


- c 81 , 


44 


= C72 - 


Yc 77 4 


- C82 


4s 


■= C73 - 


F C78, 


46 


:= C73 - 


1- c 74 - 


1- c 8 i, 


47 


= C71 - 


h C73 4 


- c 82 


4s 


■= C74 - 


1- C79, 


49 


:= c 7 i - 


1- C74 - 


H c 83 , 


4o 


= C 6 9 - 


h C75 4 


- c 8 i 


d n 


:= c 75 - 


I- C79, 


42 


:= C75 - 


1- C 7 6 " 


I" C 8 3, 


43 


= C69 " 


h C76 4 


" C82 


d 74 


:= c 7 6 ~ 


t-cso, 


45 


:= c 70 - 


h C77 - 


1- c 83 , 


4e 


= C77 " 


1- c 80, 




d 77 


■= C71 - 


h cso, 


4s 


:= c 70 - 


1- C79, 


4g 


= C 6 9 


+ C 7 8 







(B.15) 



From first order gauge invariance we obtain 

1 1 
rf 62 = — «a 6 , d(i3 = —ib 7 , d 6 4 — ~-a 5} d e5 = —-a 5 , 



46 = - a 4 + h), 47 = 0, 48 = -ifo, 



4 9 = 0, 



d 7 o = i(ai + a 6 + - a 7 ), 4i = 



-«0io, 



(B.16) 



d 72 = i(a 1 - b n ) + - (a 4 + a 5 + a 7 ) 



43 = « (2 a 2 + - a 5 



as) 



d 74 = 0, d 75 = -i&i2, 46 = 0, 47 = 0, 48 = 0, 49 = 



Let Mc € Mat (18 x 15, Z) be the coefficient matrix of (B.15). We determine the 
general solution of 

Mq ■ c G = d G (B.17) 

where c G € C 15 and d G G C 18 are the column vectors with components (egg, . . . , c 8 3) 
and (42, ■ ■ ■ ,49) respectively. The matrix Mc has rank(Adc) = 12. The general 
solution of the corresponding homogeneous system 

Mq ■ c G = (B.18) 

is labeled by three independent parameters Ai, A2, A3 G C and is given by 

Cq^Ai, A2, A3) = ^3 — Ai — A2, A2 — Ai — A3, Ai — A2 — A3, A3 — Ai — A2, A3 

— Ai — A2, A2 — Ai — A3, A2 — Ai — A3, Ai — A2 — A3, Ai — A 2 

— A3, Ai + A2 — A3, Ai — A2 + A3, A2 + A3 — Ai, 2 Ai, 2 A2, 2 A3^j 

(B.19) 



A special solution to (B.17) is given by 
c ? = (2 (43 - 42 + 4o) , 7; (4e + d 



67 



^65 



l 75, 



2 (47 — 46 + 49) 1 42 — 45 — 2 (49 — 46 — 47) j 2 (46 + 47 — 49) , 

- (d 6 g + 46 - 47) , 7: (42 - 43 + 4o) , ~ (42 + 43 - 4o) , 45 + 44 



t62 



2 (49 



46 — 47) ! 45 + 2 (49 — 46 — 47) , 45 + 44 — 42 



1 



45 + 48+2 ^ 69 



47 - 46), 44 + - (46 - 47 - 49), 0, 0, 



The general solution to (B.17) then reads 



G 



(B.20) 



(B.21) 



With the equations (B.1E) we can write the expression dQTi\T ype G as a divergence. 
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4.) Type J: We calculate the expression d^T^j^. This has the form 

101 



(B.22) 



y = 8!) 



The new constants di are defined by 



^89 

dm 
d 9 4 

dg§ 
dgg 



= — c 96 + C102 — C103, dgo := —Cge + c 105 — c 101 + c 10g> 

= Cg6 — Cio4 + Ci08, dg2 = C104 ~ C102, G?03 : = — C97 + C108 — C100, 

= C97 — c 10 i + c 10 6 + c 10 g, d 95 := c g7 — c 10 3 + c 10 7, 

= C108 — C103, C?97 := C104 — C99 — C107, ^98 : = C 9 g — C105 + C106, 
— c 107 ~ c 100j dlOO '■= c 99 + c 100 — C102 , G^lOl : = Cgs + C101 + C109 



(B.23) 



From first order gauge invariance we obtain 

^89 : 



1 1 

2^3 + bis), ^90 = 0, dgi = -- [pi - 613) 



d92 = - (62 + 617) , dg 3 = - &18 + Z&12, C?94 = 0, 



^95 
dgs 



(61 + 64 + 2 & 7 + 613 

i 



(B.24) 



d 96 = 0, d g7 = - 6 2 



4 99 



&i7 + i6n, 



100 



0, 



'101 







Let Mj S Mai(13 x 14, Z) be the coefficient matrix of (B.23). Then we determine 
the general solution of 



Mi ■ c J = d J 



(B.25) 



where c J S C 14 and d J S C 13 are the column vectors with components (cg6, . . . , C109) 
and (ds9, • • ■ , rfioi) respectively. The matrix Mj has rank(Mj) = 9. The general 
solution of the corresponding homogeneous system 



Mj ■ c J = 

is labeled by 5 independent parameters. Ai, . . . , A5 € C and is given by 

c o (Ai, • • • j A5) = ( Ai — A2 + A3 — A4, A4 — A3, — A4 — A2 + A3 — 2 A5, 
Ai — A2, A3, A4 + A2 — A3 + A5, Ai — A2 + A3, A4, 
Ai — A2 + A3, Ai, A2, A3, A4, \§J 

A special solution to ( B.25| ) is given by 



(B.26) 



(B.27) 



<^94 — ^95 — dgo + dge, dg§ — dge, G?ioi — dgs + dg4 + dge, — dgf + dg§ 
— dgi + dgi — dg§ — dgo, (iioo + dg*[ + G?gg — dg$ + dgx, dg$ — dg4 — dge, 
d 9 4: — dg 5 + d S g — dg , —dg 6 , dg 6 — dg 5 + dg4 — dgi — G?gg , 0, 0, 0, 0, 



The general solution to (B.25) is then given by 



(B.28) 



(B.29) 



With the equations (B.24) we can write the expression dQTi\Ty pe j as a divergence. 
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Appendix C. Proof of Proposition 2 



With the notation of proposition 1 wc choose a basis (vi,... ,Vi?,v EH ) in V 
which displays the vector v EH := L(0, 1, -1, -1,0,..., 0, 1, 0,0) E V corresponding 

11 times 

to the Einstein-Hilbert coupling with Kugo-Ojima ghost coupling explicitly. We 
can choose the remaining basis vectors vi, . . . ,Vn in such a way that they have the 
following property: 



= ^ dqX + divergences Vi = 1, . . . ,17 

where X is of the form 

X <~ d | uhh or X <~ 9 | mm 
We consider the following vectors i = l,...,17eV: 
«! = (0,0, -1,-1, 1,1,(^^0) 

27 times 

o i; ^o,i,-i,-i,i,o 1 _^ I o) 

8 times 21 times 

o 1 _^,i,i,o,o,i,o 1 __o) 

13 times 15 times 

o 1 _^o,-i,-i,o,i,i,o 1 __o) 

12 times 16 times 

o 1 _^ I o,i,2,o 1 _^_ 1 o) 

16 times 15 times 

o,o,i,o 1 _^_ 1 o,i,o 1 _^o) 

13 times 16 times 

o 1 _^o,i,i,o,-i,-i,o 1 __o) 

18 times 10 times 

0,0,0,2,0^^,-2,-2,0,0,0,0,1,0,0,-1,0^^ 

11 times 



8 times 

-i,o 1 _^o, i,o 1 _^_ 1 o) 

20 times 11 times 

(WAi, o,-i,-i,o,i,o 1 _^_ 1 o) 

18 times 9 times 

0,0,-3/2,0,0,0,0,0,1,1,1,1,0,-2,-1,-1,0,.. . ,0,1,0,0,0,0,0,1,0,0) 

8 times 



(C.l 

(C.2 

(C.3 
(C.4 
(C.5 
(C.6 
(C.7 
(C.8 
(C.9 
(CIO 
(C.ll 
(C.12 



(V^O, 1,1, 0,0, 0,0, 0,1) 

25 times 

1 _^ I 0,l, 0,0, 0,0, 0,-1,0) 

25 times 

0, 0, 1/2, 0, 0, 0, 0, 0, -1, 1, 0, -1, (V_0, 1, 0) 

19 times 

0,... ,0,-1,0,1,1,0,-1,0,0,0) 

24 times 

-1/2, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0) 

20 times 



(C.13 
(C.14 

(C.15 

(C.16 

(C.17 

(C.18 
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«17 = (0 11 ^_ 1 0, 1,0, -1,-1, 0,1,0) (C.19) 

26 times 

It's easy to see that these vectors together with v EH form a basis of V. What 



remains to be done is to show that they indeed have the property (C.l). After a 
lenghty calculation wc have found: 



= d a (Kfh^h - h a0 h^h) 

f-\v 2 ) = h^Kfh^ - hgh va hff - h» v h%'hff + h^hjh^f 
= d a (h^hjh^ - h^h va h^) 

r\v 3 ) = uiu»h?; + u»u%b% + u»u%h>i v 
= id Q {u^vy)+d u {up^h^) 



(C.20) 



(C.21) 



(C.22) 



(C.23) 



= i d Q (u^u^u") + d v (itf p iW + uPufph^ (C.24) 



(C.25) 



(C.26) 



= -idq^h^h) 
f-\v 7 ) = uPpU^h + uPpU^h v - uPpU^h - UPpU^h,p 

= id Q (~ u^hh + uPhpti) + K v hh + uPpuPh) 

/- 1 M = 2 K£h?PKp - 2 u%u%hT - 2 u%v?b% + uPpuPph - u%u%h 

= id Q (-u»hh + -uP-h^h + u^h^h + u^h^h 

' 1 a ( C - 27 ) 

- vPhf^hJ) + <9 M (- kg hh + h^h^h + uPpU v h v P 

- 2 u^u p h pv + - u?„u p h - - u p u p h + - u p u p h,„) 



r 1 (v 9 ) = -K;h„h + up p uPph 

i 1 (C28) 

= -^d Q (u^hh)--d tl {h p fhh) 



f-^vio) = uPpU%h - uPuPph.p - uPp^h + uPuPpKp 



= d^(u p uP p h-uPuPph) 



(C.29) 
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f- x (v n ) = - \ Hghfrh + h^h^h^ + h^h va h^ + h^hghff + h^h^h^ 
- 2 u%u p h p p v - u p u p h pl/ - u p p u p h^ + u^u^h"" + u%u%h pv 

= id Q (2 u^h^h 1 " 7 + ^ u^h^h ~ i u^u") + d Q (h^h^h^ 
+ W v h va hf + ^ u p p u p h pa + ~ u p u%h pa - i u p u p h p p a - ^ uZvPhf" 



i u a u%h pv - i u p a u^h pp - i u p u p a h pp + i u p u p h pp ) 



r\ Vl2 ) = u p ^h p : + u p u%h p : + u p u%h p ; 

= id Q (u p u p u») + d^u p u»h p :) 
= -id Q {u p v u p u v ) 



(C.30) 
(C.31) 

(C.32) 



2 

i d Q (u^Wh™ - - u p h^h + - u p u p u v ) 
- d a (h piJ h^h p f 3 - h pv h va h^) 



f-\v 15 ) = - U%ulh pv + u»u^h p » + u p v u^h pv - u p ulh p ; 
= d^(u p ulh pp - u p u p h pu ) 

f-\v 16 ) = - 1 h%h v h + h%hffh a ? + u p v u%h p » 

= id Q {\ u^h^ - ~ n»hh) + K v h a ^ - \ K v hh) 



(C.33) 
(C.34) 

(C.35) 



= jd Q (I + _ u p h^h - - u^h a ^h a0 - u p h a fh aP + u p v u p u v ) 

+ p ( hghh - - h^h a(i h afi - u p u%h pv + u p v u v h pp + u p ulh pp ) 



(C.36) 



It should be noted that there is no possibility to write v EH in the form (C.l). 
Then the theorem is proven because all basis vectors except v EH have a form which 
lead to unphysical S'-matrix elements. Together with the discussion proceeding the 
proposition 2 in section 5 we can now argue that the only physically relevant theory 
is the coupling of Einstein-Hilbert. 
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